Quick S'ummo.ﬂ

(® \nducrion

\f wee want Yo prove some collednor of starenents S(W) , one for eodn inkeger

N7, $ndUEidn gives Js o fivatkegy foc do\Nik‘r\‘w .

- Fest prove SO s e (Base case)
Then geove #nak, if s @) is e foc soma 2. ¥aen S 35 alzo e,
(e, S = s(R40) . (lnduchive Sep)

We wnow SO s ek oo ndodive sikp S S@), and since S \s Mk
7/

wemyosh have s@) fwe alsd . Bgain by ovr induciive $icp, SL=D £?), and
gince S & e, §SQR) mocd e +ou ! And so onN.

Vanant: Gase Case is different (n=0, °° Nl , ... 3, Strong mnauction
@ Buclid's \emma
‘\f p'|s ?ﬁme q.nd ?\Qb ‘PO\" some Q.b&%l'\'\’\w p\o. or ?\b
«\f p is Prime and elai~"Qn Lor q\,...,omel,’rhzn ela; for some V=L, N

stofement is not twe £ 9 i no¥ pume:
p=\0 a=1 ©=5 0| 2.5 bot iz and \0+5.

(3 fondamental thm ¢ Aiameric

Any (nteger n7z2 can be wriden oniquely tn e form ns ?,e"...?f"‘ R
dishncd primes Qu,.»Pr and posinve \NICQS €., 8.

WU
2= %%
a \

\2=2"%



Wovksheetr F

(2
© Want o show +nat ﬂ is on \nteger foca\y w7 0.

we'll induck on n. Qor base cose s n=O, and

o \
2 -0 ' N
Q9 1, foromed

Next, we have ke indudive step. for fid, we assome Yoo oC
\
omci We want ¥ s\now Yot (ﬁ(k.-t\ﬂ- c Z..
2% (een,

(2et0) ()t et !
2 (e 266V (O,

('5'11\33'-)

2% e

o

. M
Since e+l ¢ an inkges ownd %rT i an \nkeger, e predok O als
’ n

an \(\\'C(a(,f‘, €0 nis ComplUes e \nduarion. ‘fi'\o\"d(-s n=0

@\NOm’c vo S\ow Xnat S l')._qn-\ forall non-ncgqhvc n.
¢ oose case S n=0, ond we dnede Fhok

we'll indocr on N. Qv

4-0
2 -\=1\-1=0

1§ diwisible \ma \S. for \nduckive
yo show ¥hax \S \

Y
FHLP, WL aSSIMNL B\2 -\ for some &/

Zq(&h)_ \

and we wanx
q_q(h“) =\5a+\.

uk 7_'.t -\ =\%a

2
e -2 150
9
+4 ué
3 zq&m-\ 2B T e - sinee (S |21, \ o wnere exlads
Some o such Yoy 4% _| =15a. S0 o4& \Gak\. SO
2“&.\(0_\ = (l“:sOH'\B Ao -\
= \5-loo +\o-!
=S-loca t\5
=15 Q\ba-\-\)
£y
co \6\7"4& 3_\



piterint opproach: wnow L%-'\ =50 fSor some a.
(Zq&.\).'):* = ch sa
14@-*‘3_24 = 280
4&&«)_24“4_\ ol isa 42—

()

2«-\&#\)_‘ - 24.\50"_‘_ \S
= 15 (2'ax\)
g

W) 1 givisele \ou& s,

(Xe) &%Q\(\ 2 -\

B) Fi=F=\. €a=Ca1tFn-a.
¥ and oy £ 3\n.

wanit Yo show 4nat Ta is even
gomerimdes, W can nel
cleaOy whnat Stayemond s

We hove ‘ 2 ) S wery
Sty = Fn i even § and oniy B1F MAOK 4ou've. Tfing ko prove By indudin,
We'\l wany Yo prowc ¥ois oy (:‘\'rong\ ndoucHon . )
2, Ana¥ Y€, Vsewn ¢ 3\
s a i cond RN

for n=\, we want¥o show Paok SO is e,
=| isodd ond we_lonow Anat 3y |\, so SO

e .
\2, batinis

we now Aot ©
e, Aot R TR TR A7) W 8

of e form €S2 F, wnichis
Foc n=2 W want o showd ¥nad S@) ‘s e,

s olsO a WUt shajemeny for At Same (easons.
e shrono TAUUoN, §O W& Q.S

Negk we have Y Tndudive Sep. Tnais hasto
Faar SV, ... S(B) art a1 e, Wt wan¥y roshow oo SBer) s e,
ln paMmcolar, we tnow rood S(BA) 3 s(8) awre botn L.
e = Fe ¥ Fent
{ (mod3),

=5 (mod3) and -1z -2
&-) are tnt, ‘W mosy bethat

0 tmod 3. Then =7
a sum Q4o odds, so s even s

-, so, since @) & S
Fe i G- ore vovn odd. But e Tew €
co S(hxl) s frve. (Recall S(B¥) soys e N8
Ceor een 5 3| Bx s cose. )

=| (mod3). then R=
& an ewen Y oan odd, sovs odd , J4) 3 ne.

Case | Soy b=

so 2+% and 3} %
e tn&™S %\9.«—\” ond we have boyn

0(m°¢3),s'o Fe iseven. A\so, % A=A=2(madd)

Case £ Soy &x\
§o Q_..\ NS odd. So F;.u 1§ e sum
o Feus odd, ond A =0 (mod 33,

\ =2 (mnod3) e &=l (tmod 2) .5

gdg.'?
is the sum ) an odd % an even ,so's odd, SO

Cose > Sa
s0 Gy 18 even, so P

S(Lx\) i¢ tne.




This compleiRs ouv wnduchion.

@£ 7,,... 0 are NsHnd Primes, wans o show Hnat (R -9, >¢ ivarional

oK)
wnere @ bel and qud (@)=l

- Prove *hat P, s irrodonal. Soppow =T
Tren ¢ Y=o > ‘e
. . Then p,\a’, so by Euclid’s lermma, weknow Aot pla.

§o a= P, x forsoma xe L.

o
§ ' 2 * “
S ?\\’ =0'=(P|7q=‘)|\‘
(3 S
b =P X
$o p,\v", 50 hy &uclid's \c,mm&\?\\b. g0 P, \¢ & common foctor Ralih,
conirodiching acd @ W =1
T Were Wﬁ\ngmmﬂbﬁ\nducﬁoh Yok ,
Cor v AisHng QUIMNL S -2 Po

KoY = P 15 eI
SXOR IR

and were jost shown Anot
} ¥ Qrov SQ&*D . §O SpPOV .- R, Per

Assome S(R) Vs hwve and wewan

are i\ disnnet Yﬁmts-
Gg""?&?y\-\ = W\I?;"" ?g,
Vi U\

Qase, ¥his Mais s
¢ trrarened Lo onad .
A dwo wrehionals aan e T

bot Fha greduck Yonal -
e9), GS?_ = 7.

(%) Fo prove 4Nis \N geaeral direeiy & wi

A for abels and gcd(@Bd=1.

—

Nnodr Wnduciont

Lek's usrosk ouf swrakegy 1N

Seppose fore conpradicnon wot (gi---Pn =

Rearranging, P Pab = Q- Tnea §)o, sO by el pla. o Frerc

exiss o X such Yot AEPX.

Pree qn\,"—.-a"'= (?001 =?,‘L%1
P, Pa v =9, n
. Pe sinee all o€ thoe Q< pomes oot

P \P,_---Pnb"', @ot ¢, cannor divide €=, .
are disinct from 9. So 6uclid's \emmMe  iells oS Yo 2\Y, o Pl b



So ¢, \s acommon fader «f o0&, contadicing gaud @)=\, D

@ Tu Ve, WL ascending ovder. wWont 0 nNow Al 0 £ Q-+ Py —\ Locc\t N3,

vy o =P Paa—\. Since p,=2 L p=3, aZz23-1=5272, So byire
fondamental Hhm R anvameric, & ‘aas fome prime Loctor q.
Nohice that a =0 (mod q) bo¥ &=-\ (mod p;) forall e=ls-, M7

§0 q#& P, P01’ BUY 9, P, 5@ wey of oYimes \n N Creasing Deder, so

\.

Q2 Pn. B} nen
Pn sqsa:?\---pn_\—-\. N

o =Py P P fin Pa-r — )
= ?‘....?‘"_‘.0 PurPa-l T \ QmOd ?QX.

since
P.=0 (mod P(\' = 0-| Cmodpdd

can swOpouvk = -\ Cmod f)
P. o O |
in big ?Nduc*-
@ (100 = 1\-1QV = \\- u-25-= \\‘7}61'
?|=\\ ezl .
V=2 € =2 "\‘=?>'=*¥'dg pnme QQ&O"S
O;QS 2352

n inveger. By G ndovaental Hm, Aerte 25} distinct primaes Py, .50

C7l isQ
gues Svchdaat B .. p&". want fo §OW G Vs c

and posifice inke
perfeck squore i €ils even focall ¢.

n¥eger o, Ten o must nave
o by 4ne Pndamemal v¥am,

Sie-s) fn. “ran

IF ais o pucfedt square,vhen Jd=b forsomen

Q.‘&ac_{—\j e same st a-?- ?ﬂn\t QQC.\"O"S as a,

W can wete %= P, ' ?5“ for Sore ?o.siﬁrc '\r\\{rifus

a="%
e B
V%‘--' ?'J“‘— k?l"" ??“\
= ?'l‘gv_“ ?2$n
] 1}
=af; foral i, so

Since pnme Qocrorizanons are onigue, Wt onesk hove Q4

€ ic even.
Conversely, f e i ewn Realls, we ton wik & =28 For ront integer £:.
and nan



e POV T s SRR SR

S0 o is a perfect squave.

By division olgon¥hm, we can wale  e= 28+ o For reont, and €0
is even f and only «9 ;=0 for all v*
O is o pz,r('ec;\ square \¢ ufdon\sj % (o s an ‘m—Rgv..r.

SO We want 1o snow4nhat {a s an \nieoRe i{zc ¢:=0 {oc all ¢,
Nokce %nat

! ~or War S a0
@= 95\....‘9(?“'-'— pl' ""?n“ n

- \J €Ca
= &;‘)‘3\._.?‘:9'\? ' ®Pa
= & ~
- ?‘ co o ?Sn &?T\ Y. ?::r\
@ €120 Soran L, ¥en vre s onder squave v®Fis |, 50 o s oniIndRser-

0 Faere exists an L such thot C. %0, &aen ¥ne shoff vnder e squavc
voo¥ is o producr oA disninct pimes, co b ad, Ws irranonal. S° {a

is also irmronal, s0 W's nob an \nteger. a



