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@ \.ocn\\\j analyfic representaiions

(2 ovtiine of ¥he construction

@ \ifting Lie a\gebra. representasions

(@ Tensor-Hom adjunction for D) ¥ dlo),H)
(® Functor and its properties

/@, a Qnite extension
@ Locally analyhic representations
Let G be o \ocally analytic grovp /F
Ex. ¥ G is an algeovaic grovp /¥, men G:= G(F)
is a \ocally analyhc grovp.

Closed subgroups of ¥nis (in e padic Yopolegy)
0Xe olso locally analyhc groups.

A \ocally anaryne representation of G is a weasonable
fopological veeyor space V over (F) with a continuous
acrion of G such rnoad, for any veV, e orbit map

O, G v better: fnite extn
is & locolly analytic foncrion on G. E/F for coeficients

Examples:

* Any smootrh representarion (oy is \ec.o.l(vj c.onsfon*)

" G reducrive and Vis finite diml olgevraic rep

" G=CL, (M and Vis 1-forms on Orinfed's “p-adic upper
hatf plane” (=®' ~ w0'() Monrreal fondor

*G=GL.(Qp ond Vis e subspace of locally onalyhc admisstole ynital

veehors in e Banach space representasion attached fo mﬁ;ﬁ \r‘foé}%)

o Ldimensiona\ p-adic Galoic representarion vio mho.‘r\\.g\:o.wer
L] w
Colmew’s p-adic Langlands correspondence res‘\dua\‘\é Rrite.
* Etc.

\e.n¢3+h

Goal: Produce a class of \ocally onalytic Yepresentayions iz'dlm;:l repe of Gc\L@,/OD}
that can be undesstood using Ue angeora representaions )

which, roughly jndyces
bidion ‘verneen iso
[‘toms oul vhat the class well produce is felayed 40 }

wasses of abbSowwiely
for semistable non-crystalline Golois reps

weedodie okjects

A\cje.braic perspective on locally analyic reps Rrevil consiods o Banach

, cen RE. LY conesoondina




D(G) = CLR) is disvbuhions on G

confinuous dua) « locauly analyric Bnagons on &
This is najurally a topologicol F-algebro.
£ 9P algebro.

* €G] is o dense sobaigeoro. of D(@)
g [ 5 ct——m@] ¢ 0(@)

nod commayasive,
0oy noeynesion,

1§ Frecnel-Srein if
G s compacy

‘¥ = Lie(Q), Mmen VL) is AWso a subaigebro of DA
x-§= \im exp@Of-F
A—0 t

« = [fr— (1) W)] €0@

If Vis o locally anaiyfic representaiion, +then

39V = QY
extends o o scpararely con¥Nuovs D(6)-modole structore
on \.

Thm (Schneider- Teitelooum)

\ocn\\\j analyhic
vepresentarions On Y ~
vedor spaces of
Lompack ™4PC

separaiely continudus
D(G)-moduleS on
nuclear Frechey
vecroc spaces

fo semiskalole NON-enycH °
Galois reps: Ws o
compliehion e \ocally an
rer S(R,L), wnich indorn
is o Subquo¥ient 4

lhd:' (r(‘&;!.\)l
which i§ in e ‘mn.age etg
oot funcior.

when {u 2 ...
Let N be ©-module

X % 0o »

(5 5)— (%
and ™M= \ndg 0. ™hen
lndg(o-(z,i'ﬁ = g3(M,2)
where L on et carresp.

fo anoice & log on ﬁs\'ﬂ-

\ > ( ..
v v agind ¢f Siniteness condiv@n
(eg, Cinitely presented => coodmissioie,
g 3

of e when G is comPo.c,-v}
(o.dm’ussib\t. \ocou\\J} ~ icoudmsssnbte}

analytic (epS 0(G) - modo\eS

If HEG is a closed subgroup, can consider subring Dloy H)
generated by V) ond O(H).

-« n
Locally anonytic reps of H thal are compatibly two acrions of hslie(H) agree, §

0)-modules are no.turo.\\tj o (g, -modules.

Snlxm)=AdMX)(h.m)

for NEH, xe6), meM.

Mare about all of Hnis
Schneider - Teitelboum ‘01,02, 03, ‘05
kohlhoase ‘0%
schmidf - stravdn ‘\b
Emerton 1%
(AS) sections 6§ 2

() Qutline of #he construction

Notarion
' G a split reduarive grovp / F

*T a solit moaximaol sorusS



[AS, 4.2.3—4]

" P o paraolic containing T

‘o)=Lie(@), L= Lie(T), p=\ie(P)

8GG cofeqory o*

() Finitely generated as g-modvule

) ocally Finire dimensional oS p-module

(%) weignts defined over F
(W) Action of 1 15 Semisimple € noi stowle under extensions !

Extension closore of ©F is “+hac.\r.': BGG cadegory o
Ochned by condibons (1, () L83 (no 0]

2.0
Write Ofng, Oarg for subcoregories ok c)-modoles
which have algeoraic weights

Thm . There s o bfuncror
smooth stronq\y } iadmiss'\b\e. u:t:r:mll\jji
—_

Ut\: X iudm‘\ss'\blc Teps analyhic reps
of of G

(M) —— 7S, V)

which IS contravaviant in M, covariont inV, and
exack \n both.

. LR .
orlik- Sivaveh ‘14 : Oalg in 4he first entny ) any admissible
stnooth vep of P in e second.

,00
Why extend Srom 0F  to 0%* 9

® Q'ﬁ not being stable ynder exyensions can be
tcchn'\cnl\\i inconvenieny

° 6)-modules ¥nat are not in cotegory F do come vp!

* .
Ex. G=SL. P=[f,* x=%p =P
There are five indecomposable O-mods on X
% A Y %2 Y%n

Taxing £(X,-) is an equivalence
D-Mod — q)- Mod,
ond

P (%, %) e 0°~ O

Ex. Represerrrations oF Sormn FFM,V) w/) Me0”~ 0 qre,
re\ated 4o reps ol occur in Work of Brevil & Schraen
in the p-adic Langlands program. [AS, section 5]

To consruct FpM,V)...

choice of logarithm doesn't

mrrallear D A lﬂ?



[ A dd A S LAl

(@) Use o p-adic \oganthm o constwucta locally  cf. (D
mno.lqﬁc ackhion of Pon M ﬁﬁinq achon o} p.
M with +his acrion of P is Lift (M, log)
This is a ©Lg,?)-module

(6) V'is o 9(F)-module on which P octs trivially,
so can reqard it is o 0(6),P)-module with
0. fvivial acrion 6).

() L‘.ﬂ-(M,loq) eV is a D(6),F)-module

d) nefine

'352 (MV)=D(Q) ® {umm,\o@ © \/']
MORD

and ,
FE (m,v) -—['3?3 (M,v)]

@ Lifting Lie algeoro vepresentations  [AS, secvion 2]

Let P bea connecred algebraic qrovp /F with spiit
moximal yorus T and vnipotent radicol O,
Let p= Le(P), t=yuelT), w= ue (V).

let M be a p-module suth +hat

* Locally Qnite dimensional as p-modole
* wcallg nilpotent acnon o w

. mge&-\c weignis

N L
we il consivuct an action of P on ™M which \ifs +ne
originol ackion of ? L diffesentiares
o

unt| Rorrher nohice, M is Rnite dimensional .
we'll gro,dual\tc.s increase the “wmp\miié" o P

W) \f P=0, we hove qroup isomorphisms
199
U > w
S
exp
Since *ne acrion uf w on ™ is nilpotent, we con
exponentiate it, and
109 R exp
important v 2 P MUY GL(M)

case' is an ocvion of O \’\-Q\tng e oﬁg\nql achion d’( .

(i) Suppose e=T.

C N



Since were over o p-adic hierd, have exp:t-= T

but there exist homomorphisms T =% whidh invert exp.

These oxe \ogarithms on T.

Ex T=Gm F’@P
Ma.ps QF—'@F \aversing exp orc
determined E wheve, P goes. .
Choosing Pr— O qts the "Iwasawa. \og.

¢ 1 acts ni\po\'cr\‘H-j on M, ecoN NOW se oo log on T
1o constock acrion of Ton ™M joH oS before:

oy exp
T — ¢ — Nil(M)

> GL(M)
Ex. T= Gim J/“‘""‘ S aron
[o |]
M S T——

90

Then con it vne actton «f 4=F to an acrion
o} T=F* using ¥he map p! F*— GL.(F)

|  10q(Q)
plo)= [o 3l ]

That deals with the cose where O is the only
weiqnt. For ovher weights, we “wisy] and if
rnere's mort Yhan one weignk, we jutt Lifl one
gencralited weignt space ar a Hme.

[As,232-3]

’C\
Ex. 1= Gm

all weignts arc
stil assomed ¥
2 ]

[ be awgebraic 1

Can Viff using e F£* —GL, given by
= a |' el
@ = a { 3%

o

""““3;:,‘53 had
Let Lift (M, log) be +his locally anodyRc rep'n of T.
Note fhat +he log comes up in dealing with
non-semigimplicity . /¥ sme Ueargeora wp Is

scmisimple (ie, generarized weigniy spaces are
just welght spaces), the log doesnt maxter,

(i) P semisimple

Jontzen does +hig in “Ke.pve.se.manons d‘(-olg.gmops ! (X)
Basicallu  idea is ust Yo alue actions &€ oo




Sobgroups (which are unipevent) with action
o€ forus.

Since © semisimple, Qation ot & is forced 1o be
semisimpie, so the \Wied autteon is even Qgewralc
("o \ogs Show up!)

[As,2.4.8]

Gv) ¥ reduchve

et ?=0P,P) be denrived s obgroup. Get an acrion U'@

L ’

T P’ using Gii)). Hove ocilon o€ T fom (W) F‘wc/ m;;;;f:.’,,"‘j“
Z\'- choose a togarithm. heHons art compativie; cenjigaion TP
= ond Pis generated by T 5 P, so done.

o). Pgeneral

— Lok Lbea \evisybgroup sothat P=LPL.

7  \lisredochive,&° gr achion using (V). U uripoterd,

“ 3o qdd an acrion vring (). Again compatible, §o

& qer an acron uf P

Upshot: For any frnite dimensional p-module M on which
W ads nilpotently, qes o lacally amaiusic P-rep

L (MJ\OSB
which induces original  action, where log is a loganthmon T,

Now, for qeneral M use alet ¥an extension.

shill tocally Gnire /P
[4 and w a niporenty,

fd-ones — an

—e--p

v

ue (-, Sog) , Re.?;m

Concretely, Lift (M,\0q)= &5 Mem U (N;10q)

If Pis parobolicin a sp\it reducive G and Me (9*35?9 R

have an ackion of P on Lt (Ms193) wnich makes +his a
D (g P)-module. [As,3.3]

I VIS a smoosn shrongly odmissible ?-rep, then V'is a
O(r)-module on which g acks invially, SO s also o
Olay, P - modole, as, 4.1.2]

Next: want LB M,109)® V' tovea Dig,P) -module.




(4) Tensor - Hom adjuncrion for o) and Olg,n)

et G be O \oc_cmé analyric groop ond HCG a dosed
SQbs\”Oup.

D(W) is no¥ a Hop‘? o\qevoro.t Fnere SNt o comultiplicaron
D(H) — p(H)® O(H)

This means +hod +he tensor product (over A & two
D(H)-modoles isnt avtomatically a o(H) -modole.

8ot there is 0 “comurtiplication’  [Schneider - Teitreloaum ‘05
D(H) — D(H) @ D(H)

which 3§ Sood enough to make ¥he fol\ow'mg work:

Thm. Let M bea locally finite dimensional locally
analyhic representation of H.
For any DH)-modules XY, <

no *opology!
MmeX & HomM,Y)
are nofvrally o(H)-modules and

Hom DLH) (M@X, \/) = H°mD(\n kx ,Hom (M,\/))

(s, 6.3.0)

Then, since V() is o Hopf alqebra,, we can bootstrop up
from ahe obove odjunchion to grt:

Thm. Let M be ol locally finite dimensional \ooo.\lnj analykc
represcntation of H which iS also compasivly
o. oy-module.

For any olg W) -rmodules X,Y,

MeX % Hom (M,Y)
arc ncuvraula o(5),H)-modules and

Homm‘)'“) (Mox V) = Hom ol ) (X,Hom U’t,\l).)

(As, 2.4.5)

In po.*\';uwlqr, if G split redoctive and P poravolic and
MeWValy. then

. . =  colim
3 Lift (M, log) = £d g-suomods N (¥ {CY :\033
finite dimensional as a representation of P.
= Lif(M,loq) ®V' is a. O(6,P)-modoule.

is \ocall

(®) Functor and its properties

G split reductive , T spliit maximol torus, P paravelic

wnm'm'mcj T, loge Logscﬂ , Go moximal compact,
and P5=fqa Go.




ws jm

Proposition. \§ MCOa\g ond V is a smooth shrongly
admissible representoYion 0'2 P, then

(K{% (M,\o@ oV

[As,u.1.5]

s o Qmiﬂ.\é presented ©(6),90)- modole.

nefine

N, G - . , QV'
Ve (M,V) = 0(aQ) 0%3.?3 K\.\H(M log) )

D(Go) Q 3(\3{‘\'(\4,\0@ ®V|)

v
= Tnm. FSM,V) is coodmissible.
o
7 Proof. Lt (M, \°CD°V is Rnitely presented over Dlg R,
:’4_:, o '5 (M, \) is Fm\*chj presenyed over 9(Go) n

~
Thm.'Sc‘i is exact \n borh yariavles,

-
I
o
T " '
- Proof sketch. Break up DL6),Ps) — D(Gs) into two Sleps
<
D(U} ?n) > OLG'Q)
\H-opa\ ica\” a

" a coralc 9

‘%ﬁm’m \a n(ca (c-Floemess)

preservation)

Thm. SUPPOSQ- PCQCG ¢ M(’.(qua ond Vs o
smooth  stongly admissible re,pre,su\-}cmon uf P,+hen

(4 G Smooth
0:1‘5 ng ? (M \ﬂ %‘ (M \.k\@/\r\\:‘\gu&?{\

[»S, 433]

Proof sketch. Usedensor -om adjunction for D(9),R)
plus the foct yhat

(N) = ® V' - a
C o(9),9) S (6),§)-moduvles.

"
Than\r-S‘Y (4

Questons ?

here 4o

V i§ s'vonaq)
and not 503 odmissible

admissible




