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Q@ \ntroduchion

(D \ifting Lie al9ebro. frepresentarions

(3 Tensor-hom adjuncton for D(H) & O(g,H)
(9) The fonctorand s properhes

@ \ntroduction
Notavon:
‘F/Qp o Gnite exrensyon
- (6,7) a spiir reduchive group
- ® & parabolic containing T
oy=Lie(@), t=lelt), p= Lie(®)

Recall:

g-module ME O¥ W beder : Anite e
) Fintely qeneraded as gy-module / t/F for coehdents

(2) Locally hinite dimmensional as - modu\g,
(3) Weights detined over F &
) Action of ¢ is semisimple

\§ weights of M ail come From algedrale characers o T,
Ynen MG(O?;.\%,

admissible
There is o bifuonctor (’ r:.pr:éuﬁcmon

(34,\1&)\——> ’3}’(; V)

?  (stronqly) admissibie
(9°‘3 smooa'\@r\;t,prcscmchon
whicn \s  coniravariant in M; covoriant VY, ond
exad in borh M § V. [oclik- Strauch | 2014)

To constrocy T (M,V)...
(0) There's o0 nakiral. acrion u-@ fon M which
is compodible with +ne action of c),
‘e, Mis a D(9),P)-module
(o) V is a D(P)-module wheve § acks vialy,
fo reqard as 0(5 F)-medule W/ ivivial 6y-action
(c\ MRV is a Ota P) -modoule <

even Hhouvah
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idi Dehne
NG \
= ® MOV
¥ e (M,V) D(G)D(o),p)‘« &
ond Fhen

'5:“:; (m,V) = [’gc‘i LM,V)]/

Want o extend ¥ne domain 'Je 3’% from Me(’fus
0 MG(‘)ﬁ'\: — fhe extension closure c.r? (‘.7’5;.3 n

e cod'c%onj u{ cb-mcdu\e.s.

g-modute M €©%% 3¢

() Finitely generated as g)-modole

() Weally @nite dimensional as 2-moduole
(3) Wogms de@ned ovee T

— -

Tnert's no "natral ' action «f Pon ® anymore,
bul i we choose a logantnm, we can conshuck
a Poncrerdal ackion of ¥ on M. & secrion (2)

Why do we want 4o do #nis ?

° (’J‘2 not be’mq stable ynder exyensions can Le
tcchr\'\cn.\\‘:s inconvenieny

° 6)-modules ¥nat are not in coreqory & do come up)

% (
Ex. G=S8L, ?"[:* %=%p =P
There are ive indecomposable O-mods on X
D/a % Y % Y%t

Taxing £(X,-) is an equivalence
D-Mod —— q)- Mod,,
ana

C(x,%t)e O° N O

Ex. Represerryafions oF Sorm F§M,¥) w/ Me0™~0 ore,
re\ated 4o reps that occur in Work of Brevil & Schraen
in +he p-adic Langlands program. [AS, section 5]

® Lifting \ie ‘\\qe,bro. Representaiions
RS, secvion 2]

Ler P be o connecred algebraic qroup /F with spiit
moximal Yorus T and vnipotent radicol O,
Let p=lie(P), t=yeln), w=ue(V).

ants, Simon!

Let M be a D-modu\e such +hat

Dtﬂ P is nSt
\'\opt‘ aigebra !
cf. secrion(d)

,00
Ui.lg isa Serre subm\'caona
of g-Mod, $0 can form

1> .
o (9-Mod)

ie,devived cot. of 6)-mod with
. '5”
cohomo\03'~3 n @us.

DO&?s(Q'M°d>
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DCoadm( o (G\)




£ Locu\\sa @nite dimensionol as p-"odole
y wcq\\%.n\\po’rem acrion of aL
. i : diffesentiares
Alqepraic weights 7 i
~ 9
we’ll consivuct an ackion of P on ™M which \ifls +ne
original action of p

Until Rorrher nohice, M 1S Anite dimensional .
We'll gro.duo.ll\c.s increase the “comp\mihd" A P

) \f P=U, we have qroup isomorphisims
199
V > w
S
exp
Since +he achion uvf w on ™ is nilpotent, we can

exponentiate it, and

. ) exp
;mgg::\.n'\' ¥ E - Al - NN GL (M)
L\' is on oction uf U i®ing e original action of .

(1) Suppose P=T.

We hove an exponenticl mop ex@- t-->T. Since
were over o p-adic Geld, nere exist
homomorphisms T—%t which invert exp !
ler Logs(T) be ¥he ser of +hese logarithms.

Ex T=Gm F=0p
Maps Qp — @ \nversing exp orc
determined ?A where, P Qoes. .
Choosing P90 qivts he “Iwasawa. \oq.

¢ 4 ads nilporently on M, con noW use o
g 6 10gstT) 1o consuck acrion of Ton ™M
jos oS pefore:

p) exp

\o
T —t — Nil(M) > GL(M)
. 2 dim'L ocrion of
Ex.T- G\m f J tet
o |
M ~— [0 O]

Then can \itt ¥ne ocston of 4=F to an ackon
of T=F* ysing vhe map P! F*— GL.LF)

l  10q(a)
pla)= (o sl ]

"? Thot deals with +he cose where Q is vhe onl
« weight. For ovher weiants, we “twisy’ ond if




¥nere's mort than one wéica%. wt,:‘\;ti 8 one
generalited weignt space ar o Hwe.

'C\

L4
<
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<

Ex. 1= Gm all weaqnts are
st a:.:?)mcd""’
2 Ye q\gc,brcu‘c‘.

Coan 1€} vsing P F* — GL, given by
c o[ ae)
pe> = o { X }

o

'Y
whw& hod

Let Lift (M, log) be +his locally anaiync rep'n of T.

Note $hat +he \og comes vp in dealing with
non-semigimplicity . \§ sme Ueargeora wp Is
semisimple  (ie, generarized weigny spaces are
just welght spaces), the log doesn™t matter,

(i) P semisimple

Jantzen does +his in  Represuvations ot aug. grovps,”
Basicolly , idea is just 1o glue actions «f ooy

Sobgroups (which are unipevent) with action
ot forus.

Since © semisimple, Qetion of & is foreed 1o be
semisimpie, so tne \Wed Qerton is even algewraic
(no \ogs Show up!)

[As,2.4.%]

GV) ¥ reduchive

tet =P, P) be denived sobgroup. Get an acrion of

— )

% P’ using Gi). Have acston of T fom () Fwe v “g;;;;f;;,':j‘
.E- choose a togarithm. Rerons art compalivie; cenjugadion T¢
= and Pis generated by T § P/, so done.

). Pgeneral

— Lok Lbea \evisybgroup sothatr P=LPL.

5 Llisredochive, 80 g achion using (). U unipoiend,

“ 30 qd an acrion vsing (). Again compotible, so

& qer an oaction of P

Upshot: For any frnire dimensional §-Module M on which
W ads nilpotently, qef o lacally amaiusic P-rep

Lf (M:\OSBJ

where 10a% Logs (T) which ynduces oriainal p-module M. |
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Now, for general M use ale® ¥an extension:

shll \ocucl;,; Qnite / 2

[4 and W a niporenty,
fd-ones — al
i
\
\ %4
‘(= |
ua (-, og) , 29?:“

Concrevely, Lift (M;\0q)= -&D:?M Ul (N;\0q)

If Pis parobolicin a splir reductive G ond Me (9*3?9,
have an action ¥ P on Lt (M,108) whnich makes 4his a
D (g M-module.

Next: If VS a smooth shrongly admissible P-rep,
then V'is o0 D(?)-modole on which § acks vially,
so0 i¥s a\so & ma],?)—modo\t. [A%, section 2.3)

wont Lt (M,109) ® V' 40 ve a DLy, ?) -medole.

(3) Tensor-Hom Adjuncrion for D(W) 4 Olg,H)

let G be O \oc.o.\\-a analyrie qrovp and HCG a cosed
s\absmop.

D(W) s not a \-\op-? o\georo.. Fneve isn't o comuliplicanon
D(H) — D(H)® O(r)

This means +hod +he tensor product (over A & two
P(H)-modoles isnt avtormaticolly a o) -modoule.
But thert is O “comon-‘\p\'\cn.ﬁon“

[Schneider - Teireloaum , 05
D) — D(H) B D(H)

which is goocl enougn Jo make the fouaw'mg work:

can be reqarded
as & D(H)-moduoie
. . . where

Thm. Let M bea locolly finite dimensional locally S,m=h-m
analyic representotion of W.

For any DH)-modules XY, ¢

MmeX & HomM,V)
are notvrally o(H)-modules and

Hom .y (M@X,¥)=Homy o |x,Hom (M,y))

no ‘opology

(as, &.3.0)

Then, since V() is o Hopf alqebra,, we can bootstrop up
from ahe obove odjunchion to qrt:




(RS, 1.'-\.5-5

Thm. Let M beo. locally finite dimensiono) \oea\luj analykc

represcrtation of H which S also compasibly
0. oy-module.

For any o(g ) -modules X,Y,
MY % Yom (M,Y)
are aatrally 08 H)-modules and

Homm‘)’ﬂ (Mox V) = Hom o) 1) (X,Hom 01,\1))

In po.\'hwlqr if G split redoctive and P paravolic and
He@m% then

. _ ol
Lift (M, log) = oy .p-gvb:\\ods n UR(N,109)

is \ocally hinite dimensional as o representation of P.

= Lif(M,109) @V is o OLg),P)-module.

@"hc funcror and its Properties

[AS,u.1.5]

IAs, 4.23-4]

G split vedoctive , T spliit maximal forus, P parabolic

ontaining T, loge Logs(‘r) , Go moximal compact,
and ?o’ o Go-

H’s \m

poriant here thok

é Vis s’mong\g%

admissible

and not
Proposition. \§ MGCD‘M,3 and V is o smooth stongly not yet admissible
admissible representation 0-2 P, then

Lik(M,loq) @ V'

s e ?mi\rc\«a presented ©(6),90)- modole,

Debhine

N G _ . 3
’5‘ P (M;\’) - D(C'l\ O?C_\'?) k\.l“‘(“)l°%3 (-] )

=D (G.D @ (wam g ®Y )

v
Thm. ';g(.MN) \s coodmissible.

Pnoo? LRt (M, \ocDQ\I is F\h\\t\\s presented over Dlgy96),
so TB(m,W) is fnitely presenyed over D(Go) D

~
Thm.’ig is exacr in borh yariables,

8ame proof ¥not Matthias discossed!

Doy ,P0 ) > Ol6wn)
°mpa\o3m\"
c&a?ﬁ‘f \3 n(ca (Use c-fioamess)

-pmm\u.ﬂon




Thm. Suppose PcQcaG. ME.Q')%{%O ond Vs o

smooth  stongly admissivle re,pre.sm-}onon vf P, +hen
T~
9o ap ?“(M V)= 3‘“ (M, L))
Qa\g 2 (Jaiq

S mooth
\ ndo crion
) T\d P &\‘3

Proof. Let ™= Lift (M,100). H's suFF\c,\em Yo show
ols), me (MQ\, Y=w™mo )

w
On,»
s\ince con ¥Men PPy D[R)®

[»S, 433]

0(,8) 0 this isormorpnism.
Fadk: (VW) = ols), Q}m 93:‘ as U(6),)-wmodoles. (1)
3
Hom

‘ —
Dmm\ R QH o ) >

= H°mblc),\>) QM oV' , )

a,d'\u“d:\or\
qu ’p) (Vl) \'\Oﬂ'\ (ﬁ, - X)
N M0 PHOBY, Hom (1)
(W)

= . ) ~
Hom o o, G, vom %, -))

OA‘)Q\'\C’P‘NT\
= Uy —
Hom o o (Meiny, )

So, by Yoneda's lemma ,ave )

Thanks |
Questions?




